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ABSTRACT
Additional pulsation modes have been discovered in many Cepheids, RR Lyrae, and
other variable stars. Fourier transforms are used to find, fit and subtract the main pul-
sation period and its harmonics to reveal additional modes. Commonly, for every star,
the strongest of these modes is presented in a “Petersen diagram”, where the shorter-
to-longer period ratio is plotted against the longer period. This diagram discards the
information about temporal variations, multiple pulsation modes, and signals which
are below some chosen signal to noise threshold. I here present a new tool to map
pulsation modes in variable stars, dubbed the “spectral Petersen diagram”. It shows
all signals, irrespective of their multiplicity or significance. Many (thousands) of light
curves can be stacked to improve the signal to noise ratio and reveal unprecedented
detail about the pulsation mode space. This tool is useful to constraint the parameters
of variable star models.
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1 INTRODUCTION
Pulsating stars such as Cepheids and RR Lyrae are impor-
tant variables due to their correlation between period and
total light output. This correlation has allowed them to be-
come standard candles and the first rung in the astronomical
distance ladder (Leavitt & Pickering 1912). Before the ad-
vent of massive ground-based surveys and space-based high
cadence precision photometry, they were regarded as simple,
typically single-periodic, radially pulsating stars.
The “Petersen Diagram Revolution” (Smolec et al.
2017a) resulted in a large extension of the known, and in the
discovery of new forms of multiperiodic pulsation. Among
Cepheids, the most important additional variability is found
in the Px/P1O ∈ (0.6, 0.64) range, assumed to be caused by
non-radial pulsation. Similar signals have been found among
RR Lyrae stars. The diagram by Petersen (1973) is a widely
used scatterplot to show the shorter-to-longer period ratio
versus the longer period (Figure 1). It has the disadvantage,
however, that only one (e.g., Su¨veges & Anderson 2018a,b)
or a few (e.g., Netzel et al. 2015c) shorter periods are pre-
sented per star. Over the last years, however, it has become
clear that many stars exhibit several weaker modes. In some
cases, these pulsations drift and/or switch over time. Putting
only one signal in a diagram discards a lot of information.
Furthermore, one has to choose some signal to noise thresh-
old above which a signal is considered a detection.
? E-mail: michael@hippke.org
In this paper, I present a novel method, dubbed the
“spectral Petersen diagram”. It allows to show multiple sec-
ondary periods, irrespective of their significance. Through
stacking of many such spectra, weak underlying structure in
the Petersen diagram may be revealed. Section 2 explains
the method, followed by an application to RR Lyrae stars in
section 3 and a discussion of its (dis)advantages in section 4.
2 THE METHOD OF SPECTRAL FOURIER
TRANSFORMS
Averaged Fourier spectra of RRc stars have already been
shown in Alcock et al. (2003); Netzel et al. (2018), but in
one-dimensional form summed over all periods. As follows I
extend this method to a two-dimensional graph covering the
P1 and Px/P1 space.
Fourier spectra are generated for each star separately,
sampled at the Nyquist rate. The main pulsation frequency
and its harmonics are fitted and subtracted out, following
the usual procedures (see e.g., Moskalik & Poretti 2003; Gru-
berbauer et al. 2007) with tools such as Period04 (Lenz
& Breger 2004), SigSpec (Reegen 2007), CLEANest (Fos-
ter 1995) or TiFrAn (Csubry & Kolla´th 2004). After this
prewhitening of P1 and its harmonics, it is common to find
that significant residuals remain, caused by long-term pe-
riod variations. These could be reduced with time-dependent
prewhitening (Moskalik et al. 2015; Su¨veges & Anderson
2018b,a), but require a choice for the light curve segment
© 2018 The Authors
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Figure 1. Petersen diagram of 260 RRc stars for Px/P1O ∈
(0.6, 0.64) and P1O ∈ (0.2, 0.4)d. In contrast to the classical plot,
here the symbol sizes represent the amplitude ratios Ax/A1O. Data
collated from Netzel et al. (2015b,c); Olech & Moskalik (2009);
Soszyn´ski et al. (2009); Su¨veges et al. (2012); Szabo´ et al. (2014);
Moskalik et al. (2015); Gruberbauer et al. (2007); Chadid (2012);
Jurcsik et al. (2015).
length (e.g., one season). Also, daily aliases may remain with
power comparable to secondary pulsations. If not removed
completely, residuals can be masked during further process-
ing.
All cleaned spectra are then linearly resampled to a
common resolution (e.g., R = 10,000) in the Px/P1 region of
interest. Then, they are co-added in bins of the main pulsa-
tion period. A larger number of bins increases the resolution
(in P1) at the expense of noise, and vice versa. Weights per
stellar spectrum are given based on the square root of the
number of photometric data points. Finally, each bin is nor-
malized based on its median to remove the issue that bins
with a higher number of observations (and/or more data
points) appear brighter.
The resulting matrix can now be plotted so that the
ordinate and the abscissa follow the convention of the usual
“Petersen diagram”, but each point in the matrix is repre-
sented as a pixel with a brightness based on its weighted,
stacked, and normalized sum. It is useful to down-sample
the spectral resolution (e.g., to R = 1,000) for printing pur-
poses. This is the spectral Petersen diagram.
3 APPLICATION TO THE 0.6-MODES IN RRC
STARS
As an exemplary application of the spectral Petersen dia-
gram, I use RRc light curves from the Optical Gravitational
Lensing Experiment (OGLE) phases III (Udalski et al. 2008)
and IV (Udalski et al. 2015) as well as variables identified in
the Catalina Sky Survey (SSS, Drake et al. 2009) by Drake
et al. (2014, 2017).
Data from more surveys exist, but were not found to be
useful. The Quest RR Lyrae survey identified 365 RRc stars
in the northern (Vivas et al. 2004; Vivas & Zinn 2006; Ma-
teu et al. 2012) and 359 in the southern hemisphere (Zinn
et al. 2014), but the small number of observations (typically
20) per star does not allow to search for secondary pulsa-
tion modes. The VVV Survey focused on RRab stars (and
identified 960) as these are easier to classify, but excluded
RRc stars from their search (Minniti et al. 2017; Contreras
Ramos et al. 2018). The same is true for the SuperWASP
catalogue of RR Lyr stars (Greer et al. 2017), and the MA-
CHO survey (Alcock et al. 2000; Greer et al. 2017). The
PanSTARRS classification work is still in progress (Juha´sz
& Molna´r 2018). Gaia DR2 identified 228,904 RR Lyrae from
the all-sky classifier and the SOS pipeline combined, but has
typically only 15–100 observations per star (Clementini et al.
2018; Holl et al. 2018). Similar issues exist for the LINEAR
(Sesar et al. 2013) and EROS (Kim et al. 2014) surveys.
From OGLE and SSS, a total of ∼ 1.9×107 photometric
data points were processed, covering 35,096 light curves of
RRc stars in the galactic bulge, LMC, and SMC with up
to 3 light curves of the same object. Individual light curves
of the same objects were treated separately to avoid differ-
ences in zeropoints and filters. Observations span more than
a decade. Fourier spectra were generated for a region of par-
ticular interest in Px/P1O ∈ (0.6, 0.64) and P1O ∈ (0.2, 0.4)d.
RRc stars have been found to often exhibit multiple peaks
in this region (e.g., Netzel et al. 2015a; Smolec et al. 2016,
2017b). These period ratios have been speculated to arise
due to strange nonchaotic dynamics (Hippke et al. 2015;
Lindner et al. 2015, 2016)
After stacking, the spectral Petersen diagram (Figure 2)
reveals three distinct regions of power excess, coincident
with the individual detections shown in Figure 1.
The average spectral power of the signals is not imme-
diately apparent due to the normalization. It can be esti-
mated by co-adding without normalization and dividing by
the applied weights. The noise floor in Figure 2 corresponds
to brightness variations of ∼ 0.1mmag, and the strongest
peaks are ∼ 1mmag. The color stretch is linear. Clearly,
these secondary pulsations are minuscule.
Figure 3 shows a histogram of the number of stars used
in the spectral Petersen diagram. The highest numbers of
stars per bin are found in the range 0.27 . P1O . 0.36d,
covering the strongest secondary pulsations. Yet, at P1O ∼
0.24d, some signal power is seen, where the number of stars
per bin is lower by an order of magnitude.
Future work can map out a larger area of period ra-
tios for different sub-types of variable stars (e.g., Cepheids,
δ Sct, RRd stars), and differentiate between metallicities,
locations, or other factors.
4 DISCUSSION OF STRENGTHS AND
WEAKNESSES
4.1 Visibility of weak signals and sensitivity to
temporal evolution
The classical “Petersen diagram” shows at most a few peaks
per star. It is the right tool for cases where constant, sin-
gle, individually significant detections are present. As shown
by Netzel et al. (2015c), however, stars often exhibit mul-
tiple peaks in the region, and their strength changes over
the course of months or years. The attribution of one star
to its highest peak, e.g. at 0.615, is therefore a snapshot in
time, and discards all other peaks. I show this time evolution
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The spectral Petersen diagram 3
0.2 0.25 0.3 0.35 0.4
Period P1O (days)
0.64
0.63
0.62
0.61
0.60
P
er
io
d
ra
ti
o
P
x
/
P
1
O
Figure 2. Spectral Petersen diagram for RRc stars in Px/P1O ∈ (0.6, 0.64) and P1O ∈ (0.2, 0.4)d. Brighter colors represent higher signal
levels. Top: Probability distributions for the three signal segments, smoothed with splines of ∆P1O = 0.01d. The signals near 0.613, 0.622,
0.63 are shown as gray, red, and blue colors. Right: Probability distribution over the summed Px/P1O axis.
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Figure 3. Histogram of the number of stars used in Figure 2 as
a function of P1O.
using a sliding peridograms for OGLE-BLG-RRLYR-07806
(Figure 4).
The spectral Petersen diagram includes all peaks, ir-
respective of their statistical significance. Consequently, a
“0.61-star” can also contribute power at 0.62 etc., and vice
versa. It is the right tool for cases where many stars ex-
hibit (single or multiple) weak signals, which are at or below
some sensible significance limit. Many spectra can be stacked
to reduce the averaged noise and reveal otherwise invisibly
weak signals. The method of stacking noisy data has been
very successful in the detection of transits from primary and
secondary exoplanet eclipses (Sheets & Deming 2014, 2017),
exomoons (Hippke 2015; Teachey et al. 2018), or exotrojans
(Hippke & Angerhausen 2015). It may prove equally useful
for variable stars.
Netzel et al. (2015c) found 260 stars with significant
(4σ) signals in Px/P1O ∈ (0.6, 0.64). When removing these
stars from the data, the spectral map still shows the 0.61
peaks at low signal to noise ratio, with powers of ∼ 0.2mmag.
The weaker 0.62 and 0.63 islands disappear in the noise floor,
and are thus . 0.2mmag on average. It remains unknown
MNRAS 000, 1–6 (2018)
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Figure 4. Top: Temporal evolution of OGLE-BLG-RRLYR-
07806 over four observation seasons. The periodograms are built
using a sliding boxcar with a 50 d window. The duration of the
signals is of order one year. Artifacts are due to the interpolation
over seasonal data gaps. Bottom: Prewhitened Fourier spectrum
over the total data set of this star. From this classical spectrum,
only the highest peak (near Px/P1O = 0.61) would appear in the
Petersen diagram, while the other signals are discarded.
whether there is a large number of stars (e.g., 50 %) which
exhibit no secondary pulsations, or whether it is present
in all stars at very low (sub mmag) levels. Using space-
based Kepler photometry, apparently non-modulated (at
sub mmag amplitude limits) RRc stars have been found (Ne-
mec et al. 2011, 2013; Benko˝ 2018).
The method of spectral Fourier transforms could also
be used in the future to study RRab stars. Based on Kepler
photometry, it has been argued that essentially all RRab-
stars (of 151 tested) are Blazhko-modulated (Blazˇko 1907;
Kovacs 2018). In 40 per cent of the stars, the amplitude is
< 2mmag, thus buried in noise for most ground-based indi-
vidual light curves (Jurcsik et al. 2009). It is, however, very
difficult to disentangle instrumental noise present in Kepler
light curves. Such artifacts may arise from the assigned aper-
ture unique to the star, and can thus not completely be re-
moved using cotrending vectors (Plachy et al. 2017). The
analysis of RRab stars using the spectral Fourier transforms
is promising as a fraction of RRab stars also show a series of
different additional modes and peaks which seem to be con-
nected to the presence of the Blazhko effect (Benko˝ et al.
2010, 2014; Szabo´ et al. 2014; Molna´r et al. 2017).
4.2 Computational effort
The creation of a stacked map requires additional computa-
tional effort. The underlying creation of Fourier transforms
is essentially identical to the classical analysis. Calculat-
ing Fourier transforms, including fitting and subtracting the
main pulsation period and its harmonics, takes a few seconds
per light curve, using one 4 GHz core. Fourier transforms for
a dataset like OGLE-IV (≈ 104 spectra with ≈ 107 data
points) can thus be created in less than one hour. Resam-
pling, co-adding, and normalizing these spectra takes ∼ 1hr.
Thus, the computational effort is increased by a factor of
two, but remains small.
4.3 False-positive detections from aliases
The blanked lines in Figure 2 arise from aliases and pe-
riod variations. The prewhitening removed these only im-
perfectly, as no individual time-dependent prewhitening was
used. As can be seen, some lines intersect with the regions
of interest, i.e. daily aliases might be mistaken for secondary
pulsations. We checked the literature for such cases and
found several stars that might in fact be false positives. One
such example is OGLE-LMC-11983, identified by Soszyn´ski
et al. (2009) as a 0.61-star, which lies exactly at an alias.
While such identification can be done using pure Fourier
transforms, the 2D map makes false positives candidates im-
mediately obvious.
4.4 Data required to make a useful spectral
Petersen diagram
The sensitivity to weak signals is a function of many factors.
At first approximation, the noise floor N reduces with the
square root of the number of stacked spectra S. This assumes
that all spectra are of the same quality.
Similarly, the noise per spectrum reduces with the
square number of data points P. This assumes that all data
points have about the same photometric uncertainty. Com-
bining these two factors, the noise floor scales as N ∝
√
S
√
P.
Other contributing factors include the photometric errors
and the sampling frequency. For example, the periods of
many RR Lyrae are near integer multiples of daily aliases
(e.g., 1/3d), resulting in systematic noise hard to remove
completely.
Adding more data from the surveys described in sec-
tion 3, and future surveys (Molna´r 2018) such as LSST
(Tyson 2002), TESS (Ricker et al. 2015), and PLATO
(Rauer et al. 2014), will increase the signal to noise ratio
by a factor of a few.
5 CONCLUSION AND OUTLOOK
“If all you have is a hammer, everything looks like a nail”
(Kaplan 1964). Extending the astronomer’s toolbox is surely
beneficial, although the usefulness of any new tools has to be
shown in practice over time. The spectral Petersen diagram
can reveal weak, individually insignificant pulsation modes
through stacking of multiple stars. It could also help to en-
lighten us about the underlying physical origin of the these
modes. Knowing more about their shape and prevalence can
guide theorists to constraint and adjust their models more
precisely to reflect reality. For example, the minimal slope
of the 0.61 signals (only slightly higher Px/P1O for shorter
P1O) requires a low average metallicity (compare Figure 4
in Dziembowski 2016). On the other hand, the 0.63 signals
appear to drop in Px/P1O for P1O > 0.33d, which is not
MNRAS 000, 1–6 (2018)
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predicted by the Dziembowski (2016) model. New data will
be required to show whether this effect is real. Probing the
correlation between metallicity in RRc and their exact sec-
ondary periodicity could verify or falsify pulsation models.
Some questions might remain: Why is the lower sequence in
RRc stars so much denser populated? This is not seen in
Cepheids, which exhibit similar secondary modes (Moska-
lik & Kolaczkowski 2008; Moskalik & Ko laczkowski 2009;
Smolec & S´niegowska 2016).
The spectral Petersen diagram can also be used to ex-
amine other regions of interest, such as RR Lyrae with
period ratios near 0.68-0.72 (Netzel et al. 2015b; Prudil
et al. 2017), Cepheids (Su¨veges & Anderson 2018a), and
even RRab stars (Smolec et al. 2016; Molna´r et al. 2017).
High quality Kepler K2 photometry can be employed to shed
new light on very weak pulsations (Molna´r et al. 2015, 2017;
Plachy et al. 2017, 2018).
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